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We find a superradiant quantum phase transition in the model of triangular molecular magnets
coupled to the electric component of a microwave cavity field. The transition occurs when the
coupling strength exceeds a critical value which, in sharp contrast to the standard two-level emitters,
can be tuned by an external magnetic field. In addition to emitted radiation, the molecules develop
an in-plane electric dipole moment at the transition. We estimate that the transition can be detected
in state of the art microwave strip-line cavities containing 1015 molecules.
PACS numbers: 75.50.Xx,42.50.Ct,78.67.Bf
Introduction — The superradiant phase of a collec-
tion of emitters coupled to common electromagnetic field
mode is characterized by a finite number of photons in
the ground state of the combined system. In the model
of two-level emitters coupled to a single cavity mode [1–
4], the superradiant phase appears when the emitter-field
coupling g exceeds some critical value gc [5, 6]. Theoret-
ical and experimental search for the superradiant phase
transition has included atoms and molecules coupled to
single- and multimode optical cavities, Josephson junc-
tion qubits in microwave resonators, as well as ultracold
atoms in optical traps [7–11].
According to the no-go theorem [12–14], the ground
state of any collection of two-level emitters with dipo-
lar coupling to a mode of electromagnetic field does not
contain cavity photons. This result seems to render the
superradiant quantum phase transition impossible, and
it was extended to the case of many electromagnetic field
modes and many levels in Josephson junctions [13, 14].
However, the superradiant phase transition was predicted
to occur in the interacting emitters as well as in an en-
semble of inhomogeneously coupled emitters and many
modes [7, 15]. It was indeed observed in ultracold gases
[9]. Here, we consider emission from an ensemble of in-
teracting spins, and we are not aware of any extension of
the no-go theorem that applies to our case.
Two-level emitters interacting with the quantized elec-
tromagnetic field of resonant cavity are described by the
standard Dicke, Jaynes-Cummings, and Tavis-Cummings
models of quantum optics [2]. Motivated by the spin-
electric coupling of molecular magnets [16], we introduce
a new model for the emitter in a cavity. The emitter de-
gree of freedom represents the chirality of ground-state
spin texture in a triangular molecular magnet, which in-
teracts with the molecule’s total spin. A crystal with ori-
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FIG. 1. Geometry of a crystal of molecular magnets in a
microwave cavity and external magnetic field. Electric field
of the cavity mode is in the plane of the molecule (x − y).
External magnetic field B produces the effective fields b =
µBgmolB, which is tilted by the angle ψ from the normal ez
to the plane of the molecules. The fields b±1/2 form angles
θ±1/2 with the z-axis, and define quantization axes of spin
(see text). The angle δ = θ−1/2−θ1/2 determines the coupling
strength of different transitions.
ented molecular magnets in a strip-line cavity is then de-
scribed by a generalization of the Dicke model, see Fig. 1.
We find that the cavity field and molecular magnets
can be driven through the transition by modifying the
direction or intensity of the external magnetic field. The
critical coupling for the transition is field dependent, due
to the interaction between spins within the molecules.
Spin interaction makes the ground- and low-energy ex-
cited states coherent superpositions of entangled total
spin and chirality of the spin texture. In molecular mag-
nets [17], the quantum coherence was crucial for explain-
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2ing the dynamics of magnetization: transitions between
the spin states are coherent processes, and show the in-
terference between transition paths [18–20] and the Berry
phase [21–23]. While our considerations apply to molec-
ular magnets, a range of emitters, like NV centers in
diamond, Josephson junctions, N@C60 clusters, surface
plasmons and excitons in CdSe quantum dots, as well as
the rare earth ions may allow for similar field-dependent
superradiant quantum phase transition of the interacting
spin emitters [24–30].
Model — At low energy, triangular molecular anti-
ferromagents are characterized by the total spin-1/2,
S =
∑3
i=1 si, where i counts the spins-1/2 on mag-
netic centers, and pseudospin-1/2 chirality C, associated
with the spin texture, see Fig. 1. The z-component
of the chirality is Cz = s1 · (s2 × s3)/(8
√
2), and the
components Cx = −(s1 · s2 − 2s2 · s3 + s3 · s1)/3 and
Cy = (s1·s2−s3·s1)/3 are two-spin operators that flip chi-
rality Cz in analogy with Pauli spin operators [16]. The
operators S and C are independent and satisfy spin com-
mutation relations: [Si, Sj ] = iijkSk, [Ci, Cj ] = iijkCk,
and [S,C] = 0, where i, j, and k count the Cartesian
components of spin and chirality [16, 31].
The two degrees of freedom, S and C, couple differ-
ently to external fields: while the spin couples to the
magnetic field via Zeeman term, the chirality couples to
the components of external electric field in the plane of
the triangular molecule, E‖[16]. The Hamiltonian of the
molecular magnet in external electric and magnetic fields
is [16]
Hmol = 2∆SOCzSz + b · S+ d0E‖ ·C. (1)
The Bohr magneton, µB, and the molecular gyromag-
netic ratio, gmol, are absorbed in the effective magnetic
field b = µBgmolB, and we set ~ = 1. The zero-field
splitting, ∆SO, caused by the spin-orbit interaction, pro-
duces an Ising coupling between Sz and Cz, with the
spin z axis normal to the molecule’s plane. In a typi-
cal molecular magnet ∆SO/(gµB) ∼ 1 T [17, 32], setting
the control magnetic field strengths to B ∼ 1 T, and the
resonant frequency of radiation to the microwave region,
ω ∼ 100 GHz. The predicted value of the spin-electric
coupling constant is d0 ∼ 10−4|eR0| where e is the elec-
tron charge, and R0 is the distance between magnetic
centers [33, 34]. The chirality interacts with the in-plane
components of the electric field and, through the Ising
coupling, with a quantum degree of freedom, S [16, 31].
A crystal of N emitters interacting with a mode of the
resonant cavity is described by
H = Hcav +
∑
j
H0,j +
∑
j
Vj , (2)
where Hcav = ωa
†a describes the cavity photon, and
each H0,j = 2∆SOCj,zSj,z + b · Sj describes a molecule
interacting with a classical magnetic field B. The in-
teraction terms, Vj = d
(
a+ a†
)
Cj,x, are couplings of
molecules to the electric component of quantized cavity
field. The operator a (a†) annihilates (creates) a cav-
ity photon. The coupling constant d = d0Ex includes
both the intrinsic coupling d0 and the electric field am-
plitude Ex =
√
~ω/clV , where cl is the resonator ca-
pacitance per unit length, and V is the volume of the
cavity [35]. Assuming the resonant frequencies ω in the
microwave range and state-of-the-art microwave cavities
with Ex ∼ 100 V/m, we obtain d ∼ 10−11 eV. The
molecules in a crystal lie in parallel planes, so that their
spin quantization axes all point in the same direction, z
[30]. Any variation of molecular orientations, e.g., due
to crystal defects, is equivalent to a change in the effec-
tive coupling between the molecular spins and the cavity
photons. The Hamiltonian (2) does not contain the Zee-
man coupling of spin S to the magnetic component of the
cavity field. This coupling is much weaker than the spin-
electric coupling between the electric field and chirality
C. Neglecting this term is appropriate for the microwave
cavities with molecules placed near the maximum of the
electric field amplitude [36].
The non-interacting Hamiltonian, H0 = Hcav +∑
j H0,j , conserves the number of photons nˆ = a
†a , as
well as the z-components of chiralities, Cj,z. Within each
simultaneous eigenspace of nˆ and Cj,z it reduces to a spin
Hamiltonian
H0,j;n,c = nω + b · Sj + 2c∆SOSj,z, (3)
where n and c are the respective eigenvalues of the op-
erators nˆ and Cj,z. This reduced Hamiltonian is readily
diagonalized, and we find the energies, En,c,s = s|b(c)|+
nω, and the eigenstates, |n, c, s〉 = |n, c〉 ⊗ |S · ec = s〉.
The effective magnetic fields are b(c) = b + 2c∆SOez,
with c = ±1/2. The eigenstates are |n, c, s〉, and
s = ±1/2 denotes the molecule’s spin projection along
ec, the direction of effective field b(c). Explicitly, the
molecule’s eigenstates in the Cj,z, Sj,z basis are given
by the unitary transformation |n, c, s〉 = |n〉 ⊗ U |c, sz〉,
where U =
∑
c=±1/2 Pc exp (−iθcSy)Pc maps the state
|c, sz〉 of the molecule with chirality c and spin projec-
tion sz to the z-axis into a state with the same chirality
and the spin projection s = sz along the rotated spin
axis (see Fig. 1). The angles θ±1/2 are
θc = arccos
2c∆SO + b cosψ√
b2 sin2 ψ + (2c∆SO + b cosψ)2
, (4)
with ψ denoting the polar angle of the field b. The op-
erators Pc = 2 cCz + 1/2 are projectors to the states of
a given chirality c.
Rotating wave approximation — As opposed to the
standard Jaynes-Cummings model in quantum optics
[37], the rotating wave approximation (RWA) for a single-
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FIG. 2. The critical couplings in the full RWA (dcFull),
in standard RWAs near ω+r (dc1), and near ω
−
r (dc2), as a
function of angle with respect to the normal to molecule’s
plane ψ, and the intensity b of the external magnetic field
b, respectively. Variations in either ψ or b lead the system
through the superradiant quantum phase transition (motion
along the arrows switches from d > dc to d < dc). For this
figure, the number of molecules is N = 105, and the cavity
frequency is the mean of the two resonant frequencies ω =
(ω+r + ω
−
r )/2 (see text). On the first panel b = 0.9∆SO, and
on the second ψ = 0.6 rad.
molecule magnet in a cavity can not be obtained by sim-
ply neglecting the terms proportional to C+a
† and C−a,
since the chirality interacts with the spin, which in addi-
tion couples to external fields.
To derive the RWA of Eq.(2) we switch to the interac-
tion picture, Vj(t) = e
iH0tVje
−iH0t, with respect to the
terms H0 =
∑
j H0,j that do not involve the interaction
of the molecule with the cavity field. Using the known
eigenvalues and eigenstates of H0, we find
Vj(t) =
d
2
∑
n,c,s,s′
ei(En,c,s−En,c¯,s′)tM(c, s, s′)
|n, c, s〉〈n, c¯, s′| (eiωta† + e−iωta ) , (5)
where M(c, s, s′) = 〈Sj · ec = s|Sj · ec¯ = s′〉 is the scalar
product of the spins with projections s and s′ on the
axes e(c) and e(c¯), where c¯ = −c, s¯ = −s. Explicitly,
M(c, s, s) = cos (δ/2), M(±1/2, s, s¯) = ∓i sin (δ/2), δ =
θ−1/2 − θ1/2, and the angles θ±1/2 are given in Eq. (4).
The RWA consists of neglecting the terms in the
interaction-picture Hamiltonian (5) that oscillate with
frequencies close to molecular transitions ωij ∼ |Ei −
Ej |, and keeping the terms that oscillate slowly, with
frequencies close to the detuning between the tran-
sition and the cavity mode. In this case the fast-
oscillating terms average out to zero, and we can ne-
glect them. The resonant frequencies in our model are
ω±r = (|b(1/2)| ± |b(−1/2)|) /2. We have set the direc-
tion of z axis so that |b(1/2)| ≥ |b(−1/2)|.
The condition for the validity of the RWA is that the
molecule-cavity coupling constant d is much smaller than
the resonant frequencies, d ω±r . In addition, the RWA
can reproduce the standard model of a two-level emitter
when the cavity frequency is tuned close to one of the
transitions and far from the other, e.g., |ω− ω+|  |ω−
ω−|. This tuning is possible only when
|ω+r − ω−r |  d. (6)
The condition (6) can not be satisfied when b ≈ ∆SOez,
i.e., when the magnetic field axis is near the normal to the
molecule, and the magnetic field intensity is comparable
to spin-orbit splitting ∆SO (usually around 1 T [32]). We
will focus on the case when both resonances have to be
taken into account, either due to the deliberate tuning
of the cavity frequency, or due to violation of Eq. (6).
In this case, the amplitudes of the resonant transitions
vary strongly with the magnetic field, and we will see
that this leads to new effects. When Eq. (6) is satis-
fied, the cavity can be tuned so that the RWA leads to
the Tavis-Cummings model [3, 4], and consequently to
the familiar superradiant phase transition and a single
transition resonant with the cavity, see Fig. 2.
After the removal of the counter-rotating terms and
switching back to the Schro¨dinger picture, the molecule-
cavity interaction is
VRWA =d
∑
j
(
a+ a†
)(cos δ
2
Cj,x − sin δ Sj,yCj,y
)
+i
(
a− a†) (sin θ− 12Sj,x + cos θ− 12Sj,z)Cj,y.
(7)
The final Hamiltonian in RWA is HRWA = H0 + VRWA,
and it is analogous to the Tavis-Cummings model of
two-level atoms in a resonant cavity. Similarly to the
conservation of the number of excitations in the Tavis-
Cummings model, HRWA conserves the quantity Nexc =
nˆ+
∑
j
(
1 + S˜j,z + 2Cj,zS˜j,z
)
, where S˜j = USjU
†, with
U defined above Eq. (4). The number of excitations,
Nexc, is conserved if we count molecules in the state
|c, s〉 = |1/2,−1/2〉 as zero excitations, molecules in the
states | − 1/2,±1/2〉 as one excitation, molecules in the
state |1/2, 1/2〉 as two excitations, and each cavity pho-
ton as one excitation. We choose an additive constant
so that Nexc = 0 corresponds to all the molecules in the
state |1/2,−1/2〉 and no photons in the cavity.
Superradiant quantum phase transition — We study
the superradiant phase transition in the rotating wave
and mean-field approximations. This amounts to substi-
tuting photon annihilation(creation) operator a(a†) by
their expectation value 〈a〉(〈a〉∗), thus neglecting any
quantum fluctuations. This approximation is valid for
large photon numbers. We find the minimum of the
ground state energy of HRWA = ω|〈a〉|2 +
∑
j H0,j +
VRWA(〈a〉) as a function of 〈a〉. The critical coupling is
dc, the smallest value of d for which the minimum lies at
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FIG. 3. Response of molecules and cavity field to the changes
in direction ψ (first panel) and intensity b (second panel) of
the external magnetic field b. At the superradiant transi-
tion, the mean-field value of the photon annihilation operator
〈a〉MF becomes nonzero (upper panels). At the same value
of b, an in-plane electric polarization ∝ 〈Cx〉 appears, signal-
ing the superradiant phase. The magnetization normal to the
molecule’s plane ∝ 〈Sz〉 shows a more rapid change with b
then in the normal state. System parameters are the same as
in Fig. 2, and d = 6 · 10−3∆SO.
|〈a〉| = 〈a〉MF > 0. The mean-field energy is independent
of the phase of 〈a〉, which we set to be real in further dis-
cussion. Without RWA, 〈a〉MF is real [38]. The value of
〈a〉MF is zero for d < dc, and increases, 〈a〉MF ∝
√
d− dc
for d > dc. In mean-field 〈a〉MF ∝
√
N .
The critical coupling is determined as the value of d
for which ∂2〈a〉EMF(〈a〉)|〈a〉=0 < 0. Since EMF(0) is fi-
nite, lim〈a〉→∞EMF = ∞, and ∂〈a〉EMF|〈a〉=0 = 0, this
condition guarantees the existence of a minimum for the
mean-field energy that is lower than EMF(0) at some fi-
nite value of 〈a〉MF. Taking both resonances into account,
Eq. (7), we find
dcFull =
√
8ω∆SOb
N
[
b( 12 ) + b(− 12 ) cos δ
] . (8)
This b-dependent dcFull is one of our main results, Fig. 2.
The dependence is due to both the modification of the
energy levels of H0, and to modification of the coupling
constants for transitions through spin-overlap terms in
Eq. (7). The result, Eq. (8) clearly can not be explained
by the usual RWA at either of the resonant frequencies,
as illustrated in Fig. 2.
The dependence of dc on b allows for a controllable
superradiant phase transition. Changes in dc, given by
Eq. (8), can lead the system into or out of the superradi-
ant phase, see Fig. 2. The measurement of the escaping
radiation as done, for example, by using input-output
theory [39], would then serve as a signature of superra-
diant state [9, 40–42]. In addition to the nonzero photon
occupation of the cavity mode, see Fig. 3, the transition is
characterized by a change in the expectation value of the
chirality. For d < dc, the molecules are in the state with
Cj,z = −1/2, with zero expectation values of Cj,x(y). Af-
ter the transition, for d > dc, the in-plane components of
chirality have nonzero expectation value, i.e., 〈Cj,x〉 6= 0
in our model. The fact that only the x-components gets a
finite expectation value comes from our phase convention
for 〈a〉 [38]. The molecules develop electric dipole mo-
ments for d > dc, and the transition can be detected by
the electric response, as well as by the emitted radiation,
lower panels of Fig. 3. An alternative way to control the
transition is to deform the cavity, and therefore change
the amplitude of electric field E0 and d ∝ E0.
Experiments which would allow one to detect the
controllable superradiant phase transition and the spin-
electric coupling are within reach of current state-of-the-
art. In the strip-line microwave cavities, the electric field
amplitude can be of the order of E0 ∼ 100 V/m [43]. The
predicted molecular spin-electric coupling constant is es-
timated at dmol ∼ 10−4|eR0| [33, 34], where R0 is the dis-
tance between magnetic centers, of the order 5 · 10−10 m
[30], and e is the electron charge. The transition occurs
when d = dmolE0 > dc. According to Eq. (8), this is
satisfied in crystals containing N ∼ 1015 molecules with
a typical ∆SO ∼ 1K.
The disorder in the molecule’s energies due to imper-
fections of the crystal may bring some of the molecules
out of resonance and reduce the effective N below the
total number of molecules. However, the superradiant
effect also suppresses such inhomogeneous broadening
[44–46]. When the collective coupling of many emit-
ters exceeds the bandwidth of their ensemble, the broad-
ening vanishes altogether so that even far off-resonant
molecules interact strongly with the field mode. This al-
lows one to increase the number of active emitters in the
cavity in realistic devices.
Conclusions— We have introduced a model of a crystal
of single-molecule triangular antiferromagnets interact-
ing with an external classical homogeneous magnetic field
and the electric component of a quantized cavity field.
The model shows a superradiant quantum phase transi-
tion with the critical coupling tunable by applied mag-
netic field. The strong coupling regime is characterized
by nonzero mean photon number and electric dipole mo-
ment in the triangle plane. With state-of-the-art cavities
and current estimates of spin-electric coupling strength,
the tunable transition is achievable for 1015 molecules in
the cavity. While our models describes single-molecule
magnets, it may also be useful in the study of other emit-
ters described by entangled discrete degrees of freedom.
Acknowledgments: We acknowledge discussions with
Filippo Troiani. This work is funded from Serbian MP-
NTR grant OI171032, Swiss NF through NCCR QSIT
and SCOPES IZ73Z0152500, public grant from the Lab-
oratoire d’Excellence Physics Atom Light Matter (LabEx
PALM, reference: ANR-10- LABX-0039), and EPSRC
5Grant No. EP/J016888/1.
[1] R. H. Dicke, Phys. Rev. 93, 99 (1954).
[2] E. Jaynes and F. Cummings, Proceedings of the IEEE
51, 89 (1963).
[3] M. Tavis and F. W. Cummings, Phys. Rev. 170, 379
(1968).
[4] M. Tavis and F. W. Cummings, Phys. Rev. 188, 692
(1969).
[5] K. Hepp and E. H. Lieb, Annals of Physics 76, 360
(1973).
[6] Y. K. Wang and F. T. Hioe, Phys. Rev. A 7, 831 (1973).
[7] P. Strack and S. Sachdev, Phys. Rev. Lett. 107, 277202
(2011).
[8] K. Baumann, C. Guerlin, F. Brennecke, and T. Esslinger,
Nature 464, 1301 (2009).
[9] K. Baumann, R. Mottl, F. Brennecke, and T. Esslinger,
Phys. Rev. Lett. 107, 140402 (2011).
[10] P. Domokos and H. Ritsch, Phys. Rev. Lett. 89, 253003
(2002).
[11] J. Larson and M. Lewenstein, New Journal of Physics
11, 063027 (2009).
[12] J. M. Knight, Y. Aharonov, and G. T. C. Hsieh, Phys.
Rev. A 17, 1454 (1978).
[13] I. Bialyncki-Birula and R. Kazimierz, Phys. Rev. A 19,
301 (1979).
[14] O. Viehmann, J. von Delft, and F. Marquardt, Phys.
Rev. Lett. 107, 113602 (2011).
[15] L. J. Zou, D. Marcos, S. Diehl, S. Putz, J. Schmiedmayer,
J. Majer, and P. Rabl, Phys. Rev. Lett. 113, 023603
(2014).
[16] M. Trif, F. Troiani, D. Stepanenko, and D. Loss, Phys.
Rev. Lett. 101, 217201 (2008).
[17] D. Gatteschi, R. Sessoli, and J. Villain, Molecular nano-
magnets (Oxford University Press, Oxford, 2006).
[18] D. Loss, D. P. DiVincenzo, and G. Grinstein, Phys. Rev.
Lett. 69, 3232 (1992).
[19] M. N. Leuenberger and D. Loss, Phys. Rev. B 61, 1286
(2000).
[20] M. N. Leuenberger, F. Meier, and D. Loss, Monatshefte
fu¨r Chemie 134, 217 (2003).
[21] W. Wernsdorfer and R. Sessoli, Science 284, 133 (1999).
[22] G. Gonza´lez and M. N. Leuenberger, Phys. Rev. Lett.
98, 256804 (2007).
[23] G. Gonza´lez, M. N. Leuenberger, and E. R. Mucciolo,
Phys. Rev. B 78, 054445 (2008).
[24] J. Twamley and S. D. Barrett, Phys. Rev. B 81, 241202
(2010).
[25] Y. Kubo, F. R. Ong, P. Bertet, D. Vion, V. Jacques,
D. Zheng, A. Dre´au, J.-F. Roch, A. Auffeves, F. Jelezko,
et al., Phys. Rev. Lett. 105, 140502 (2010).
[26] A. Wallraff, D. I. Schuster, A. Blais, L. Frunzio, R.-S.
Huang, J. Majer, S. Kumar, S. M. Girvin, and R. J.
Schoelkopf, Nature 431, 162 (2004).
[27] J. H. Wesenberg, A. Ardavan, G. A. D. Briggs, J. J. L.
Morton, R. J. Schoelkopf, D. I. Schuster, and K. Mølmer,
Phys. Rev. Lett. 103, 070502 (2009).
[28] D. E. Chang, A. S. Sørensen, P. R. Hemmer, and M. D.
Lukin, Phys. Rev. Lett. 97, 053002 (2006).
[29] M. Scheibner, T. Schmidt, L. Worschech, A. Forchel,
G. Bacher, T. Passow, and D. Hommel, Nat. Phys. 3,
106 (2007).
[30] S. Bertaina, L. Chen, N. Groll, J. Van Tol, N. S. Dalal,
and I. Chiorescu, Phys. Rev. Lett. 102, 050501 (2009).
[31] M. Trif, F. Troiani, D. Stepanenko, and D. Loss, Phys.
Rev. B 82, 045429 (2010).
[32] K.-Y. Choi, Y. H. Matsuda, H. Nojiri, U. Kortz, F. Hus-
sain, A. C. Stowe, C. Ramsey, and N. S. Dalal, Phys.
Rev. Lett. 96, 107202 (2006).
[33] M. F. Islam, J. F. Nossa, C. M. Canali, and M. Pederson,
Phys. Rev. B 82, 155446 (2010).
[34] J. F. Nossa, M. F. Islam, C. M. Canali, and M. R. Ped-
erson, Phys. Rev. B 85, 085427 (2012).
[35] A. Blais, R.-S. Huang, A. Wallraff, S. M. Girvin, and
R. J. Schoelkopf, Phys. Rev. A 69, 062320 (2004).
[36] A. Imamog˘lu, Phys. Rev. Lett. 102, 083602 (2009).
[37] L. Mandel and E. Wolf, Optical Coherence and Quan-
tum Optics (Cambridge University Press, 1995), ISBN
9780521417112.
[38] A. Baksic and C. Ciuti, Phys. Rev. Lett. 112, 173601
(2014).
[39] A. A. Clerk, M. H. Devoret, S. M. Girvin, F. Marquardt,
and R. J. Schoelkopf, Rev. Mod. Phys. 82, 1155 (2010).
[40] C. Ciuti, G. Bastard, and I. Carusotto, Phys. Rev. B 72,
115303 (2005).
[41] A. Auer and G. Burkard, Phys. Rev. B 85, 235140 (2012).
[42] W. Kopylov, C. Emary, and T. Brandes, Phys. Rev. A
87, 043840 (2013).
[43] M. Trif, V. N. Golovach, and D. Loss, Phys. Rev. B 77,
045434 (2008).
[44] O. Tsyplyatyev and D. Loss, Phys. Rev. A 80, 023803
(2009).
[45] O. Tsyplyatyev and D. Loss, Phys. Rev. B 82, 024305
(2010).
[46] C. Stra¨ter, O. Tsyplyatyev, and A. Faribault, Phys. Rev.
B 86, 195101 (2012).
